VOL. 3, NO. 2, MARCH-APRIL 1987

J. PROPULSION : 121

Theory of Onset in Magnetoplasmadynamic Thrusters

J.L. Lawless* and V.V. Subramaniamt
Carnegie-Mellon University, Pittsburgh, Pennsylvania

The one-dimensional self-field flow in magnetoplasmadynamic (MPD) thrusters is analyzed in the frozen- and
equilibrium-flow limits. The theory explains the behavior of efficiency and predicts a new mechanism for the
destructive ‘‘onset”’ phenomenon. This model predicts that smoothly accelerating supersonic flow can exist only
below a critical current level because of a back-EMF effect. This limit is interpreted as onset and correlates with

the conventional J2// parameter.

Nomenclature
a  =acoustic speed of sound
AR =aspect ratio= W/H
B =magnetic field
B; =magnetic field at the inlet, x=0
E  =electric field
F  =pu=nmass flux
H =interelectrode distance
h  =enthalpy per unit mass
J  =total current
J  =current density
k, =recombination rate constant
k, =ionization rate constant
L =thruster length
M =Mach number=u/a
m =mass flow rate
m, =atomic mass

P  =pressure

T =temperature

T, =total thrust at the exit, x=L
=flow speed in x direction

=inlet flow speed

=voltage drop across the thruster
=sum of the sheath voltage drops
=width of the electrode transverse to the flow
= coordinate in the flow direction
=ionization fraction

= overall performance efficiency
=B;/B*

=mass density

=electrical conductivity

= first ionization energy

n, = Lorentz efficiency

o =permeability of free space
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Superscript
( )* =quantities evaluated at the sonic point
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1. Introduction

AGNETOPLASMADYNAMIC (MPD) thrusters use

electric and magnetic fields to accelerate a plasma to
high speeds. Efficiencies of ~50% have been achieved but are
limited by a destructive phenomenon known as ‘‘onset.”’” This
paper examines the plasma flow theoretically in a one-
dimensional self-field thruster. The behavior of efficiency and
its relationship to onset are considered. This theory predicts a
new mechanism of onset related to the back-EMF. In this
theory, onset appears as a conflict between the electric field re-
quired for magnetogasdynamic choking and the electric field
necessary to draw all the applied current.

MPD thrusters, as distinguished from other electric propul-
sion devices, derive most of their thrust from j X B body forces
in a steady flow.! The magnetic field may be externally ap-
plied as in some early work on the subject.?* During the past
ten years, work has concentrated on self-field thrusters.
Operating at current levels of tens of kiloamps, self-field MPD
thrusters have experimentally demonstrated exhaust speeds of
15,000 to 40,000 m/s and thrusts of the order of 100 N. This
paper studies sel{-field thrusters.

For a given mass flow and geometry, it is experimentally
known that efficiency increases rapidly as the current in-
creases. This increase is limited by the rapid erosion that
begins to occur at some current level. This limit, also typically
associated with voltage oscillations, is known as “‘onset.”’ For
a given geometry and varying mass flow, this limit correlates
with J2/m where J is the total current and # the mass flow.
This limit has been observed to vary with geometry>® but this
variation is not understood.

Equilibrium flow in an MPD thruster has been modeled by
King et al.” They assume a one-dimensional, local
equilibrium, continuum flow with a uniform and constant
electric field. The fluid enters the thruster at a slow speed and
low temperature, whereupon the speed increases to sonic
primarily due to ohmic heating. The fluid is then accelerated
to supersonic speeds primarily by the magnetic body force.
The electric field is determined by the choking condition that
permits a transition from subsonic to supersonic speeds. In
this paper, the model of King et al.” will be considered for
frozen and nonequilibrium flow. In a nonintuitive result, it
will be found that the electric field required by the choking
condition can be insufficient to draw all the applied current.
This occurs at high values of J2/m and is interpreted as onset.

Several previous explanations for onset have been ad-
vanced. In addition to the back-EMF theory presented
here, there are two other approaches. The first deals with
anode mass starvation and the second with current channel
instability. Each will be reviewed.
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The first approach, anode mass starvation, was first
analyzed by Baksht et al.® Because of flow acceleration and
the Hall effect, they predicted that the plasma density near the
downstream portion of the anode would decline as total cur-
rent increased. Consequently, as current increases, the anode
sheath voltage will eventually shift signs, from electron-
retaining to ion-retaining polarities. Bakst et al. took this
sign change ds their onset criterion.® This work has been
refined by Heimerdinger 9 Korsun considered a similar mass
starvation effect in a two-dimensional model.!® The anode
mass starvation hypothesis has experlmental support from
Hugel.!' The reason a change in sign of the anode sheath
voltage should cause onset is not clear because many
dlscharges operate in steady state with anode sheaths of both
signs. Two hypotheses exist: 1) Kuriki and Onishi' suggest
that when the anode fall is positive, ions accelerated in the
sheath may produce sputtering, and 2) Shubin'® found that
anode mass starvation is associated not just with anode sheath
reversal but also with plasma instabilities, and he suggested
that these may cause onset.

The second approach to onset is being developed by Schrade
et al.!4 They analyze the stability of current tubes to fluctua-
tions in the magnetic field distribution. This is a volume rather
than an electrode phenomenon.

- The back-EMF theory differs fundamentally from the other
two approaches. For one, the injection of a small amount of
mass near the downstream end of the anode would have a ma-
jor effect on the onset predictions of the anode mass starva-
tion theories® %13 but no effect on the back-EMF mechanism.
Also, a fundamental difference between the back-EMF limit
and the instability theories'*! is that the former appears in a
steady-state model, Further, the magnetogasdynamic choking
condition plays an essential role in the back-EMF mechanism
but not in the other two theories. These differences indicate
that the physical mechanisms for these approaches are dif-

ferent, but it is not yet known which mechanism occurs first.

and under which experimental conditions.

The most detailed experimental data on plasma flow condi-
tions at onset come from the expériments of Barnett.!’ These
experiments were conducted in what has become known as the
“‘benchmark’’ thruster, which is characterized by a lip on the
anode which protrudes into the flow channel. His experiments
found instabilities associated with low density regions. Unlike
Baksht et al.’s theory,® the low density region was not
necessarily near the anode. These results have not yet been
repeated in a thruster with a smoothy-shaped flow channel.

The complexity of this problem has prompted the use of
some simplifying assumptions. Baksht et al.,® Shubin,!* and
Martinez-Sanchez and Heimerdinger!é have used the isother-
mal assumption; Shubin!?® and Martinez-Sanchez and Heimer-
dinger!® ‘have used the infinite magnetic Reynolds number
assumption. Neither approximation is used here; however, the
Hall effect, which was partially included in the above models,
will be neglected. This work, an extension of King et al., 7 uses
conservation of mass, momentum, and energy for a one-
dimensional plasma flow. Unlike King et al.,” who assume
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Fig. 1 Geometry of a steady one-dlmensmnal constant-area MPD
channel flow.
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equilibrium thermodynamics, this work also considers frozen-
flow and nonequilibrium models. The choking condition is
found to be strongly affected by these assumptions.

The governing equations of MPD channel flow is discussed
in Sec. II. and magnetogasdynamic choking is presented in
Sec. III. The solution for a constant composition, i.e. frozen,
flow is derived in Sec. I'V. Finally, Sec. V. uses the results of
the frozen flow model to find a new mechanism for onset. The
effect of ionization on this onset mechanism is discussed in
Sec. VI., and a summary and conclusions are given in Sec.
VII.

II. Governing Equations
A steady one-dimensional constant-area MPD channel flow
is considered. The geometry is as shown in Fig. 1. Viscous ef-
fects are neglected. The gove'rni'ng equations can be written:

mass: pu=F=const (i)
momentum: dP+ qu =jBdx 2
energy: Fdh+ Fudu=jEdx 3)
state: h=h(P,p) @
Ohm’s law: j=o0(E—uB) )
Ampere’s law: % = —pof (6)

These can be understood as the equations of classical
gasdynamics with the inclusion of ohmic heating in the energy
Eq. (3) and a magnetic body force in the momentum Eq. (2)."
The equation of state, Eq. (4), applies to nonideal as well as
ideal gases. It will be generalized to nonequilibrium flow in
Sec. VL.

First integrals can be found for both the momentum and
energy equations. Using Ampere’s law [Eq. (6)], momentum
conservation [Eq (2)] and energy conservation [Eq. (3)]
become

momentum: P+ Fu + (B2/2ug) = const @)
energy: Fh+ (Fu?/2)+ (EB/py) = const 8)
1o
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Fig. 2 The exit flow speed nondimensionalized by the sound speed at
the choking point plotted against the magnetic force number §*.
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Fig. 2 The flow speed un plotted against the magnetic field B for

three values of the magnetic force number S*.

To complete the problem description, boundary conditions
are needed at the channel inlet, x=0, and exit, x=L. Atx=L,
we require B=0. At the inlet x=0, the flow speed is specified,
u=u;. The inlet flow speed, u; is very small; and, for present
purposes, it may be taken as approximately zero. The value of
the magnetic field at the inlet B=B; is determined from the ex-
perimentally specified total current J by Ampere’s law:

B;=poJ/W ®)
The mass flux F is related to the total mass flow m by:
F=m/(HW) (10)

The performance of the MPD thruster can be characterized
by its efficiency. We will define two efficiencies. Although the
definitions are different, they agree closely over the range of
MPD operation. The first, inspired by thermodynamics, is the
Lorentz efficiency, which is defined as the ratio of the work
done by the electromagnetic force to the total electrical power
in’

L L
1L = So jBudx/gO Ejdx (11)

When the integrand in Eq. (11) is rearranged, the Lorentz effi-
ciency is seen to be the weighted average over the power of the
ratio of the back-EMF to the electric field:

S CP

e

It is then evident from Eq. (13) that for efficient thruster
operation it is necessary to operate in a regime where the back-
EMF is comparable to the electric field. This means that the
back-EMF onset mechanism, discussed in Sec. V., is expected
to be important in efficient thrusters.

The second type of efficiency is conventionally used to
define overall propulsion system performance:

n=(T3/2m)/(JV) : (14) ‘
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Fig. 4 The thrust efficiency » and Lorentz efficiency 5; plotted
against the magnetic force number S*.

where T, = (rmu+ PHW) 1, _; is the total thrust. For a planar
channel, V=EH+ V, where V, is the sum of the sheath
voltage drops. By including the thrust due to pressure, 7 dif-
fers from 7,. For the normal operating regime of MPD
thrusters, as opposed to electrothermal thrusters, the pressure
component of thrust is small and the two efficiencies agree
closely, as will be shown in Sec. IV.

The governing equations described in this section can be
solved to determine the electrical characteristics and efficiency
of the thruster. This will be done in the following sections.

III. Magnetogasdynamic Choking

The combined action of ohmic heating and Lorentz body
force can cause a flow in a constant-area channel to accelerate
from subsonic to supersonic. Since both of these effects are
large in the MPD thruster, variation in the channel cross-
sectional area may be unimportant even if it is present. This
section will develop the condition for this choking to occur in
the self-field flow of a nonideal gas obeying equation of state
Eq. (4).

Rewriting Egs. (1) and (4) in differential form, combining
them with Eqgs. (2) and (3) to eliminate dp and dp, using Eq.
(5) to eliminate j, and solving for the velocity gradient yields

1 du 1 1 (i dh __E ) dB
u dx  M:—1 pdh/dplp \py 0P |, wepu/ dx
15)
where M =u/a is the Mach number and « is given by'®
@ = (pdh/dp )/ (1-pdh/dP ) (16)

a is the acoustic speed of sound in a gas obeying equation of
state Eq. (4).!® For the special case of an ideal gas, Eq. (16)
reduces to the conventional expression.

It is seen that Eq. (15) is singular at M= 1. For continuous
acceleration through M= 1, it is required that

doh
E=p*a"B"—— 17
p*a 3P |, amn

where * represents quantities evaluated at the sonic point,
M=1. Equation (17) is the choking condition. It relates the
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electric field E to the back-EMF at. the choking point, a*B*.
This will play a central role in the prediction of back-EMF in-
duced onset discussed in Sec. V.

Equation (17) can be interpreted in terms of classical
gasdynamics. Ohmic heating tends to drive a gas toward M= 1
and the magnetic body force tends to drive the flow away from
M=1."7 Equation (17) determines the electric field necessary
to provide the right amount of ohmic heating to drive the flow
just to M= 1 where the body force can accelerate it to super-
sonic speeds.

This choking condition has been previously studied for the
special case of an ideal gas. Resler and Sears!%2?° considered
such choking for an applied-field calorically-perfect flow.
King et al.” studied choking in self-field flow for the special
case of a gas obeying the equation of state h=h(P/p). The
case of a self-field calorically-perfect flow will be considered
in the next section, and the more general case of self-field
choking in a nonideal gas will be addressed in Sec. VI.

IV. Frozen Flow Model

The concept of back-EMF onset is most easily understood
in the special case of a constant-composition (frozen)
calorically perfect plasma. In this section, the solution for the
flow profiles for frozen flow is presented. The flow in this case
is found to be characterized by a single nondimensional
parameter. This parameter, the magnetic force number, is
closely related to the experimental onset parameterJ?/m.

The flow of a fully-ionized one-temperature plasma is
modeled. Because ionization and recombination reaction rates
are not considered in this section, this is called the frozen flow
model. With electronic excitation neglected, this assumption
of a fully ionized flow permits a simple expression for
enthalpy:

SkT ¢ SP 4
P S (18)
my my 2p my

Substituting this frozen flow enthalpy into the choking condi-
tion, Eq. (17), gives
5
E= —2‘—(1 *B* (19)
This choking condition determines the electric field and
defines the operating region.

To obtain an analytic solution, the conservation equations
for mass {Eq. (1)}, momentum [Eq. (7)], and energy [Eq.
(8)] may be rewritten for frozen flow in terms of the sonic
quantities:

ou=F=p*a* (20)
B2 B*z
P+Fu+ =P*+Fa* + (3]
2p0 2po
u* EB a*> EB*
Fh+ F—+—=Fh*+F + 22)
2 Ko 2 Ho

Combining Eqgs. (18-22), the following quadratic equation for
u is obtained:

2 5 * B
u -+ —é_S B3 -2} -2 )a*u

(s (1-2) +1)ar2=0 @3)

where

$*=B"/(up*a*?) )
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The two solutions to quadratic Eq. (23) may be readily written
in terms of B and the sonic quantities

2_4 1)
e

S (B 5 B
{=—3S (}W*l)—Z, f=—78 (1— = >+1

The upper sign in Eq. (25) represents the solution for super-
sonic flow and the lower sign is for subsonic flow. Eq. (25)
shows that u/a* is a function of B/B* with S* as a parameter.
Combining Eq. (25) with conservation of mass Eq. (20), p-can
be found:

2 __ 23 -
P=p*[—~7§-:l:————(§- 245) ] 1 26)

Eq. (26) determines p/p* as a function of B/B* with $* as a
parameter. Combining Eq. (25) with momentum conservation
Eq. (21), the pressure P can be found:

8 ¢ (@-apn s BZ)]
P=Fa [T+T:F 3 + 2 (I—B*2 27

Eq. (27) determines P/Fa* as a function of B/B* with S* as a
parameter. The relationship between B and position x can be
found by combining Ohm’s law [Eq. (5)], Ampere’s law [Eq.
(6)1, and choking condition [Eq. (19)]:

dB 5
—Ex— = — U0 <TQ*B* - MB) (28)
From Eqs. (25-27), it is seen that S*, defined by Eq. (24),is a
very important parameter. S* is the magnetic force number?!
evaluated at the choking point, and displays the relative im-
portance of magnetic pressure and gas dynamic kinetic energy
density:

g = B*2/2y, _ magnetic pressure 29)
1/2p*a*? ~ Kkinetic energy density

This magnetic force number S* is very closely related to the
onset parameter J2/rm, which is used by experimentalists to
correlate data. Using Ampere’s law [Eq. (9)], mass flux
definition [Eq. (10)], and the definition of S*, [Eq. (24)]
yields

i =< Ra )S* 30)

m Rok?

where k= B,;/B* is typically about 1.1.7

Limits on operating values of $* can quickly be established.
First, for Eq. (25) to have a real solution, it is necessary that
2 >4¢. This occurs for the trivial case of $* =0 or $*>6.4.
For a physical solution, it is also necessary that P>0. Ex-
amination of Eq. (27) shows that this limits S* to values less
than 14.0. In light of Eq. (30), this upper limit on S* could
signify onset. In the next section, however, a more severe limit
than S* < 14.0 will be found.

The behavior of these solutions is illustrated in several
figures. Figure 2 shows the variation of the nondimensional
exit speed (u,/a*) vs the parameter S*. The top portion of the
curve represents the supersonic branch of the solution,
whereas the bottom portion gives the subsonic branch. The
supersonic flow profiles for three values of S* are shown in
Fig. 3. The thruster efficiency for the supersonic flow branch
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is shown in Fig. 4. This figure shows that the two definitions
for efficiency presented in Sec. II are in close agreement.

In summary, analytical relations between u, p, P and B have
‘been found. The solutions contained S*, the magnetic force
number evaluated at the choking point, as a parameter. The
solution was found assuming a fully-ionized compositionally-
frozen flow. Approximations such as isothermal flow or in-
finite magnetic Reynolds number have not been made. The
next section reveals how this solution predicts a new
mechanism of onset. In Sec. VI, how the solution is affected
by ionization rates is discussed.

V. Onset

This section explains how the simple model of the previous
section predicts onset. Onset appears as a limitation on the
values §*, as defined in Eq. (24) or Eq. (29), may assume in
the supersonic mode. This limit is a consequence of combining
Ohm’s law with the flow solutions. The behavior of the back-
EMF will be considered first. The effect of back-EMF on
Ohm’s law is then considered from mathematical and physical
viewpoints.

The behavior of the back-EMF, uB, is considered first.
Near the inlet, the flow speed u is very small, so uB is small.
Near the exit, uB is again small because B—0. Somewhere
near the middle of the thruster, the back-EMF, uB, peaks.
This is shown in Fig. 5 for various values of S*.

An important relationship between the electric field E and
the back-EMF uB can be found if Ohm’s law is considered.
Combining Ohm’s law [Eq. (5)] with Ampere’s law [Eq. (6)]
and integrating yields

S 5 dB 31
0 poo(E—uB) @D
where L is the thruster length, B; the magnetic field at x=0,
and o the plasma electrical conductivity. The relationship be-
tween u and B is given by Eq. (25). For frozen flow, the elec-
tric field E is given by the choking condition [Eq. (19)]. This
is also plotted in Fig. 5. From Fig. 5, it is seen that as S* in-
creases from 7.0 to 8.5, the peak back-EMF approaches the
electric field. This tends to make the denominator in Eq. (31)
small. As the peak back-EMF reaches the electric field, the in-
tegral indicates that an infinite length thruster is necessary.
This occurs at $* =8.52. For higher S*, £—uB changes sign

3 [s¥=10.0] [E/a*B* = 2.5]
25
2} S*= 8.5
X
-
o 15 —
> S*=7.0
3
1|
0.5}
O —_ 1 o
o} 05 1 15
B/B*

Fig. 5 The back-EMF .uB plotted against the magnetic field B‘ for
three values of the magnetic force number $* for supersonic flow.
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twice during the integral, which is hence singular and
meaningless.

The physical significance of this limit can be found by
returning to the governing equations, Eqgs. (1-6). If at some
location in the thruster E=uB, then from Ohm’s law, [Eq.
(5)1 no current flows. If no current flows, no magnetic force
acts on the plasma [see Eq. (7)] and no ohmic heating occurs
[see Eq. (8)]. Consequently, the plasma flows at constant
speed and temperature. Further, if no current flows, the
magnetic field is constant [see Eq. (6)]. All this implies that if
E=uB somewhat in the channel, then it will be true that
E=uB at all points downstream. If this is so, the boundary
condition of B=0 at x=L cannot be met no matter how long
the thruster. Thus, it is necessary that uB < E for all locations
within the channel.

The limit of uB<E for the analogous case of plasma ac-
celerators with applied magnetic fields is well-known. It was
first studied by Resler and Sears!>?® and has since appeared in
textbooks.2H:22

This value of S*=8.52 at which E=uB can therefore be
considered as the onset limit, indicating a regime of operation
beyond which the flow can no longer be supersonic. Using Eq.
(30), this limit can be restated dimensionally:

*
L a5 R
m oK

(32

Eq. (32) correlates the experimental data of Malliaris et al.’
very well. This is shown in Fig. 6. This success does not prove
the existence of back-EMF onset, however, because the scaling
laws for anode mass starvation onset®® are similar.

The reason back-EMF should rise faster than the electric
field can be explained with some scaling behavior. From
Ampere’s law [Eq. (6)] B scales directly with J. From the
choking condition [Eq. (17)] E scales roughly with J, and
from conservation of momentum [Eq. (2)], u scales roughly
with J2/m. Thus, as one increases the current, the back-EMF,
which scales as J?/#1, increases faster than E, which scales as
J. This leads ultimately to current blocking.

This paper does not attempt to establish the flow conditions
after onset has occurred. For $*>8.52, the smoothly ac-
celerating supersonic solution discussed in Sec. IV is not
possible. Thus, some largely subsonic flow is expected. By
energy conservation [Eq. (8)], a subsonic flow would likely
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Fig. 6 The experimental data of Malliaris et al.> for onset condi-
tions correlate as predicted by back-EMF onset theory.
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have a higher temperature. Thus higher erosion rates, by
evaporation as well as by sputtering, are expected.

Back-EMF onset also affects the efficiency. It was shown
earlier in Eqgs. (12) and (13) that for thruster operation with a
high Lorentz efficiency, it is necessary to operate in a regime
with a high average value of uB/E. Since back-EMF onset
restricts the peak value of uB/E to one, its average must be
much less (see Fig. 5). Thus, back-EMF onset restricts the effi-
ciency as well as S*.

V1. Effect of Ionization

The previous section considered back-EMF onset quan-
titatively in the frozen flow model. In this section, the effect of
non-zero ionization rates is included. This is done first under
the equilibrium and secondly under the nonequilibrium
assumptions. It is found that ionization rates have a strong ef-
fect on the choking condition and thus on the appearance of
back-EMF onset.

For both the frozen flow and equilibrium flow limits, the
magnetogasdynamic choking condition can be written as

E oh
_p 33
aB* " P |, @3)

For frozen flow of a monatomic gas, the right-hand side of
Eq. (33) has the value of 5/2. The equilibrium calculation
causes the right-hand side of Eq. (33) to be up to an order of
magnitude larger. This is shown in Fig. 7. The major dif-
ference between the two limits is that an important part of the
change in enthalpy in equilibrium is due to the change in the
ionization fraction. The right-hand side of Eq. (33) oscillates
in the equilibrium model as the plasma progresses through
successive ionization stages.

The difference in thermodynamics has an important effect
on back-EMF onset. Since the equilibrium model can predict
large electric fields, the occurrence of back-EMF blocking is
delayed. This is why King et al.” did not find evidence of onset
over the range of parameters used in their numerical
calculation.

The nature of the choking condition with nonequilibrium
ionization can be analyzed as follows. A plasma composed of
electrons, neutrals, and once-ionized ions is considered. In
nonequilibrium, the equation of state [Eq. (4)] must be
replaced by

h=h(P,p,a) (34)

where « is the ionization fraction. Proceeding exactly as
before, we can combine the governing equations in differential
form with the new equation of state Eq. (34), solve for the
velocity gradient, and obtain the following nonequilibrium
choking condition:

*a* oh
TN
ey J 0

do

E=ptaB da
(P, o1y OX

(3%

x=x*

where ( )* refers to quantities evaluated at the sonic point.
The above shows the effect of ionization rates on the electric
field explicitly.

Neglecting again electronic excitation, an analytic form for
the equation of state can be found:

h=h(P,p,a) = (5P/2p) + (cxe;/m,) (36)

Using Eq. (36), the choking condition Eq. (35) may be
simplified to

p*ate; do
j*mA dx x=x*

5
E=——a*B*+

Observe that the first term on the right-hand side is the elec-
tric field from the frozen flow theory and thé second term
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Fig. 7 The electric field determined by the choking condition, Eq.
(17), plotted against temperature at the choking point for the two
cases of equilibrium and frozen flow.

represents the dependence of the electric field on the ioniza-
tion rate at the sonic point. The physical significance of the
relative magnitude of these two terms can be found by
rewriting the above equation in the following nondimensional
form:

E 5 pre; da
j*B*mA dx x=x*

a*B* 2 @7
Consider a unit volume of the plasma as it travels a distance
dx. (p*e;/m,)do is the energy added to ionization. jBdx is the
work done by the magnetic field to accelerate the plasma.
Thus, the second term on the right of Eq. (37) measures the
ratio of energy going into ionization to the work done in ac-
celerating the plasma.

The ionization rate da/dx is found in a nonequilibrium
model from a rate equation:

da  kpa(l—a) kyptcd
dx myu m,2u

The frozen flow model is found as the limit in which &, and %,
approach zero. If k; and &, approach infinity, the equilibrium
model is recovered.

In this section, the choking condition for frozen and
equilibrium flow have been compared. Fig. 7 showed a large
quantitative difference between these two limits. Using a
generalized equation of state [Eq. (34)], the magnetogas-
dynamics choking condition was extended to non-equilibrium
flow in Eq. (35). It was shown that the importance of the
ionization term in the choking condition was determined by
the relative rate at which energy enters ionization to the rate at
which work is done on the flow at the choking point.

VII. Summary and Co'nclusions

A model of one-dimensional plasma flow in the MPD
thruster has been presented. Three different thermodynamic
models have been used: frozen flow, equilibrium flow, and
nonequilibrium flow. Because of its simplicity, an analytical
solution was found for the frozen flow case. A single
parameter, S* governed the solution. S* was shown to be pro-
portional to the well-known experimental parameter J2/rn.
Onset appeared in this model through the nonintuitive result
that, for a sufficiently large S*, the electric field is insufficient
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to draw the applied current in the supersonic mode. For frozen
flow, the onset criterion was given by Eq. (32). When ioniza-
tion occurs, such as in an equilibrium or nonequilibrium flow,
onset is' delayed because the choking condition predicts a
larger electric field. This explains why, over the parameter
range they studied, King et al.” did not observe back-EMF
onset in their numerical results for equilibrium flow. No sim-
ple analytic solution was found when ionization occurs.

The cause of back-EMF onset can be traced to two physical
phenomena. The first is magnetogasdynamic choking which
relates the electric field to the back-EMF at the choking point.
The second is the requirement that £ —uB not change sign in
the thruster. If the latter is violated, it is not possible to draw
all the current in a finite length thruster. Both these require-
ments are well-known for the case of applied-field ac-
celerators.%22 This paper has shown that the combination of
these two in a self-field flow limits the current that may be ap-
plied in one-dimensional supersonic flow.

The back-EMF mechanism of onset is distinctly different
from the anode mass starvation hypothesis.’-113 This is
physically clear when considering injection of a small amount
of mass through the downstream portion of the anode. Such
mass injection could have a major effect on the possibility of
anode mass starvation but no effect on the back-EMF onset
mechanism. . :

This work, like that of King et al.,” shows the significance
of considering conservation of energy, [Eq. (3)]. Without dif-
ferential conservation of energy, as in the isothermal models,
choking conditions such as Eq. (17) or Eq. (35) are not found.
This changes the electrical characteristics of MPD' thrusters.
Further -experimental information on the choking region
would be valuable.
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